The rigorous resource framework of quantum coherence has been set up recently and excited a wide variety of interests. Here we show that a quantum cavity optomechanical system, as an emerging platform, can behave with a certain value of quantum coherence at a macroscopic scale. We also find that the difference between the total optomechanical coherence and the sum of the optical and the mechanical coherence just equals their mutual information. Motivated by the detection of the optomechanical entanglement, an experimentally feasible scheme to probe the optomechanical coherence is proposed.
I. INTRODUCTION
Coherence is a fundamental feature in quantum theory [1] . It is a necessary condition for quantum correlation, for instance quantum discord [2, 3] , and quantum entanglement [4] . From the application point of view, coherence is a useful resource for quantum information process [5] , quantum metrology [6] , thermodynamics [7, 8] , biological process [9] , and asymmetry of quantum states [10] . Historically, a breakthrough theory of quantum coherence is developed in quantum optics [11, 12] . Recently, a coherence theory has been established by regarding it as a physical resource [13] [14] [15] . Spirited by the rapid development of quantum coherence theory [16] [17] [18] [19] [20] [21] [22] [23] , some important questions naturally arise: (1) what's the behavior of the coherence in a realistic system at a macroscopic level and how to experimentally detect the macroscopic coherence? (2) whether there is a relationship between the coherence and quantum mutual information? The aim of this paper is to address these questions.
In principle, no fundamental law prevents the application of quantum mechanics in a macroscopic system. Many physical systems display the distinct quantum coherence at a macroscopic scale, such as Bose-Einstein condensate [24] , Josephson junction [25] , a hybrid system composed by a superconducting qubit and a mechanical oscillator [26] , etc.
Cavity optomechanics [27] as an emerging field, provides us an essentially new platform to probe the quantum coherence in a macroscopic system. In a typical cavity optomechanical system, the motion of the me- * Electronic address: yaoyao@mtrc.ac.cn † Electronic address: yongli@csrc.ac.cn chanical resonator couples to a single-mode Fabry-Pérot cavity through radiation pressure. Here the mechanical resonator can be considered as a macroscopic system as it usually involves billions of atoms [28] . The important progresses in this realm include (but not limited to) cooling the mechanical resonator to the ground state [29] , preparing an entanglement state [30, 31] or a squeezed state [32] [33] [34] , probing the mechanical zeropoint fluctuation [35] , and observing the radiation pressure shot-noise [36] .
In this paper, we investigate the macroscopic quantum coherence of the cavity optomechanical system. We find that: (1) with the increase of the single-photon optomechanical coupling strength, both the mechanical coherence and the total optomechanical coherence are strengthened, while the optical coherence is suppressed; (2) three kinds of the coherence mentioned above are very sensitive to the cavity decay, but are robust to the decay of the mechanical resonator; (3) the difference between the total optomechanical coherence and the sum of the optical and the mechanical coherence just equals their quantum mutual information; (4) the macroscopically optomechanical coherence can be detected in an all-optical setup.
The structure of this paper is as follows. We explore a standard cavity optomechanical system by the linearization approximation in Sec. II. In Sec. III we investigate the effect of the system parameters, such as the optomechanical coupling strength and the cavity decay rate, on the coherence of the cavity optomechanics. We also suggest an experimentally available all-optical setup to detect the optomechanical coherence. Finally, in the last section a conclusion is given. Main aspects of the resource theory for the Gaussian state are reviewed in Appendix A.
II. MODEL OF THE CAVITY OPTOMECHANICAL SYSTEM
We consider a standard cavity optomechanical system, with the Hamiltonian written as ( = 1 in the following) [37] [38] [39] 
in the rotating frame with respect to the frequency of the driving laser, ω d . Hereâ (â † ) is the annihilator (creation) operator of the cavity field.q 0 ≡q/ √ 2 andp 0 ≡p/ √ 2 are the dimensionless position and momentum of the mechanical mode with frequency ω m satisfying the commutation [q 0 ,p 0 ] = i. ∆ 0 = ω c − ω d is the detuning between the cavity mode and the external driving laser, G 0 is the single-photon optomechanical coupling strength, and E denotes the amplitude of the external driving laser.
The Heisenberg-Langevin equation of the optomechanical system is given as [40] 
where κ is the cavity decay rate, andâ in denotes the vacuum input noise with the only nonzero correlation [41, 42] 
andξ is the Brownian stochastic force with the zero-mean value and the correlation ξ (t)ξ(t
In the limit of the high mechanical quantity factor Q m = ω m /γ m ≫ 1 with γ m being the mechanical damping rate, the Brownian noiseξ becomes an approximate Markovian noise [43] 
where the mean thermal phonon number n th = {exp[ ω m /(k B T )] − 1} −1 with T the environmental temperature and k B the Boltzmann constant.
With the strong driving laser for the cavity field, as a good approximation, the whole optomechanical system can be described by a stable steady state and the linearized fluctuations around the steady state. The solutions of the steady state are easily obtained by setting Eq. (2) to zeros as [44] [45] [46] 
Introducing the optical quadraturesX =â † +â and Y = i(â † −â) and the corresponding noisesX in andŶ in , the equations for the linearized fluctuations around the steady state can be casted into a compact matrix form
T , and
Here G = √ 2G 0 α s and ∆ = ∆ 0 − G 0 q s / √ 2. In deriving Eq. (6), we assume that α s is a real number, which can be achieved by adjusting the phase of the driving laser.
The formal solution to Eq. (6) is [47] 
with M(t) = exp(At). The stability conditions of the matrix A are derived as
by making use of the Routh-Hurwitz criteria [48] .
With the initial Gaussian state of the optomechanical system and the (approximately) linear dynamics, the state of the system stays as the Gaussian all the time. For a Gaussian state, it can be fully characterized by the first moment (which has been obtained in Eq. (5)) and the second moments or the covariance matrix V(t) with the element V ij (t) = u i (t)u j (t) + u j (t)u i (t) /2. In the long-time limit, the formal solution of V ij (t) is written as [49, 50] (9) where the element of the diffusion matrix (9), the covariance matrix V(∞) is determined by the Lyapunov equation
where
III. QUANTUM COHERENCE OF THE OPTOMECHANICAL SYSTEM
The analytical solution to Eq. (10) for the total covariance matrix V is very cumbersome, so we mainly adopt the numerical simulations to explore the quantum coherence of the cavity optomechanical system. This solution can be expressed as
Here V mec , V opt , and V cor describe the covariance matrices of the mechanical resonator, the optical field, and their correlation, respectively. For the covariance matrix Eq. (11), its two symplectic eigenvalues are
According to the definition in Eq. (A2) or Eq. (A3), the corresponding quantum coherence can be obtained as
A. Effect of optomechanical coupling strength
To show the effect of the optomechanical coupling strength on the quantum coherence, we plot in Fig. 1 the variations of the quantum coherence C mec , C opt , and C tot in terms of the driving strength E with different G 0 . It is apparent that without the external optical driving, all the three kinds of coherence are null. With the increase of the strength of the driving field, the quantum coherence of the mechanical mode, the optical field, and the total optomechanical system is gradually established, respectively. And Fig. 1 clearly shows that C mec , C opt , and C tot increase monotonously with E.
Comparing Fig. 1(a) with Fig. 1(b) , we find that the relationship C opt ≥ C mec is always valid under the same parameters. This result can be understood as following. The optical field is subject to the zero-point fluctuation from the vacuum environment, while the mechanical subsystem is subject to the thermal noise from its bath. From this point of view, it is expected that the optical field, which is in a much less incoherent environment than that of the mechanical resonator, should have a larger degree of coherence.
It is shown in Fig. 1(c) that the total coherence C tot increases with the optomechanical coupling G 0 . This is a reasonable result: the coherence between two subsystems of the optomechanical system can be enhanced by their strengthened coupling strength. To our surprise, Fig. 1(b) displays that C opt decreases with the increase of G 0 , while C mec in Fig. 1(a) goes up at the same time. Let us discuss this counter-intuitive result more carefully. For the parameters in Fig. 1 , we find that the optomechanical system operates in the red-detuned regime ∆ 0 ≈ ω m with the resolved side-band condition ω m ≫ κ. In this case, the optomechanical interaction is of the form of beam splitter in the rotating wave approximation [28] . As a result, the coherence should transfer from the optical mode into the mechanical mode because C opt ≥ C mec . It is consistent with the expectation that the optical coherence C opt should decrease with the increase of the optomechanical coupling G 0 .
We also consider the asymptotical behavior of the quantum coherence in terms of the driving field E. In the regime ω m ≫ G, κ, the nonzero elements of the covariance matrix for the mechanical mode are given as [51] V mec,11 = V mec,22 = n th + 1 2 −
2G
2 κ(−n th +1/2) (γm+2κ)(2γmκ+G 2 ) ≃ 2n th within the rotation wave approximation. In the case, the quantum coherence of the mechanical resonator can be approximated as C mec ∝ log(G 2 0 E 4 ) withn → 2G
2 0 E 4 in the large E limit and F (x) → log(x) in the limit x → ∞ (the definitions ofn and F (x) are given in the Appendix). Similarly, the coherence of the optical mode is obtained as C opt ∝ log(κ 2 E 2 ) in the same limits as that of C mec . Note that in most of the realistically optomechanical systems, the single-photon coupling strength G 0 is much smaller than the cavity decay rate κ. Moreover, the driving strength E must be a finite value which is restricted by the limited laser power and required by the stability of the system. Thus, for the typical parameters in the optomechanical experiments, the optical coherence C opt should be larger than the mechanical coherence C mec .
B. Effect of the dissipation channels
We also explore the effect of the dissipation channels on the optomechanical coherence. For the optomechanical system, the main dissipation channels are the thermal damping of the mechanical mode and the cavity decay. We find all the three kinds of quantum coherence(C mec , C opt , and C tot ) are very robust to the mechanical damping rate: with the increase of the damping rate from γ m = 10 −3 ω m to γ m = 10 −2 ω m , nevertheless all the values of the three kinds of coherence are suppressed, we do not observe their noticeable changes. Fig. 2 exhibits the role of the cavity decay on the quantum coherence. Different from the case of γ m , the cavity decay rate κ spoils all the three kinds of coherence obviously. Moreover, C mec is more sensitive in terms of κ than C opt : with the increase of the cavity decay rate from κ = ω m to κ = 10 ω m , the value of C opt only drops half, while that of C mec decreases considerably and even approaches zero. This result implies that the mechani- cal coherence can be controlled by the optical field. The behavior of the optomechanical coherence C tot is rather similar to C opt , so its figure is omitted here. Fig. 3 shows the role of the mean thermal phonon number n th on the coherence. The behaviors of this figure are consistent with our expectation: with the increase of n th , all the three kinds of coherence drop down. Physically, the thermal excitation should be an incoherent operation in general. It's interesting here that with the optomechanical coupling, the incoherent channel of the mechanical resonator can affect the optical coherence through the optomechanical interaction. This result indicts that one could manipulate the coherence of a subsystem by adjusting its remote correlated counterpart.
C. Relationship with quantum mutual entropy
Defining ∆C as the coherence difference between the total optomechanical system and the sum of the optical and mechanical subsystems
applying Eqs. (A2) and (A3), after some straightforward calculations we find the coherence difference is just equal to the mutual information of the optomechanical system with the covariance matrix given by Eq. (11)
Here the mutual information of a two-mode Gaussian state is defined as I(V tot ) = S(V mec ) + S(V opt ) − S(V tot ). For the optomechanical system, it can be expressed as [52] 
with a = Det(V mec ) and b = Det(V opt ).
Physically, the relationship shown in Eq. (14) can be understood as following. The coherence difference ∆C defined in Eq.(13) describes the inter-coherence between the optical and mechanical subsystems. And I(V tot ) quantifies how much the optical field correlates with the mechanical mode (i.e., the area of their overlap in the Venn diagram). In this sense Eq. (14) is reasonable.
In Fig. 4 , we plot the variation of the quantum coherence difference ∆C with respect to the intensity of the driving laser E and the optomechanical coupling strength G 0 . It displays that ∆C = 0 with the weak optomechanical coupling G 0 < G 0c ≃ 3 × 10 −3 ω m for a fixed driving strength E ≃ 300 ω m . This implies that although the mechanical or the optical mode has its respective coherence, there is no mutual coherence between the two subsystems. For a relatively strong optomechanical-coupling strength G 0 > G 0c , the mutual coherence is established with ∆C > 0, as shown in Fig. 4 . This fact means that with the increase of the optomechanical coupling strength, the correlation or coherence between the mechanical and the optical subsystems is strengthened.
D. All-optical detection of optomechanical coherence
Even if the quantum coherence is an active subject, to our best knowledge only a few papers have explored how to detect the coherence with an experimentally available scheme [53] . In this subsection, we concentrate on this question. The difference between our paper and Ref. [53] lies in: our optomechanical system is an infinitedimensional system, while that studied in Ref. [53] is a finite one.
The state of the optomechanical system is Gaussian, which only requires the first two moments to completely describe it. Fortunately, the optomechanical Gaussian state can be fully reconstructed by the high-precision alloptical detection method. With these moments, we are able to obtain the optomechanical coherence according to Eqs. (A3). We mainly study how to detect the second moments of the cavity optomechanical system, as its first moments are determined by Eqs. (5).
For the optical subsystem, its second moments can be obtained by the homodyne detection of the output field, which is a standard route in quantum optics [54] . For the subsystem of the mechanical resonator, we exploit a similar measurement scheme discussed in Ref. [55] , which has been realized in a recent experiment [56] . With the assumption that the mechanical resonator is perfectly reflective at both sides, we add an additional fixed mirror adjacent to the other side of the mechanical resonator to form a second Fabry-Pérot cavity which also couples to the mechanical resonator. Analogous to Eq. (2c), the equation of motion for the fluctuational part δĉ of the second cavity is written as
where κ 2 , ∆ 2 , and δĉ in are the decay rate, the effective detuning, and the input noise of the second cavity mode, respectively; G 2 is the related effective optomechanical coupling strength. Assuming that â s ≫ ĉ s and ∆ 2 = ω m ≫ {κ 2 , G 2 }, which means the rotating wave approximation is fulfilled, Eq. (16) will reduce to (in the rotating frame with respect to ω m )
under the rotating wave approximation. With the badcavity condition κ 2 ≫ G 2 , the fluctuation of the output field of the second cavity is given as
Eq. (18) indicts that the second moments of the mechanical subsystem can be obtained by homodyne measurement of the second cavity. And we can reconstruct the correlational matrix of the optical and mechanical subsystems through measuring the moment correlations of the outputs from the two cavities. Last but not least, the real values of the experimental parameters in two groups [57, 58] are given to show the feasibility of our detection scheme. For the optomechanical coupling in the microwave domain achieved in NIST group [57] , the mechanical mode has the resonance frequency ω m /2π = 14.98 MHz with an intrinsic damping rate γ m /2π = 9.2 Hz. The microwave cavity has the resonance frequency ω 0 /2π = 8.89 GHz and line-width κ/2π = 1.17 MHz. The single-photon optomechanical coupling strength G 0 = 145 Hz. In the optomechanical crystal system [58] , the corresponding parameters are ω m /2π = 3.68 GHz, γ m /2π = 35 kHz, ω 0 /2π = 195 THz, κ/2π = 500 MHz, and G 0 /2π = 910 kHz. It's clear that the parameters used in our measurement scheme for optomechanical coherence has the same order of magnitude as that of the two actually experimental implementation, and the following conditions ω m ≫ κ and κ ≫ G 0 are satisfied.
IV. CONCLUSION
In summery, we explore the macroscopic quantum coherence of the cavity optomechanical system. Using the standard linearized approximation, the first and second moments of the fluctuations of the optomechanical system in the steady state are obtained. We show that the external optical driving laser can enhance the macroscopic quantum coherence of the cavity optomechanics, while the optical and mechanical dissipations suppress the optomechanical coherence. In addition, we also find that the difference between the total optomechanical coherence and the sum of the coherence of the optical and mechanical subsystems just equals their quantum mutual information. Moreover, an all-optical detection scheme is suggested to experimentally probe the macroscopic optomechanical coherence.
Let us first discuss the quantum coherence for a system with a finite-dimensional Hilbert space. In a prefixed finite basis {|k } (k = 0, 1, ..., D), any incoherent state can be written as σ = k σ k |k k|. Here σ ∈ I with I being a set of incoherent states. Ref. [13] suggests that any proper measure of quantum coherence C in a finite Hilbert space must obey the following postulates: (a) C(ρ) ≥ 0 for any quantum state ρ and C(ρ) = 0 iff ρ ∈ I; (b1) C is monotonic under all incoherent completely positive and trace-preserving maps Φ: C(ρ) ≥ C(Φ(ρ)); (b2) C is monotonic for average coherence under subselection based on measurement outcomes; (c) C is nonincreasing under the classical mixing of quantum states.
For a finite-dimensional density matrix ρ = i,j ρ ij |i j|, based on the relative entropy S(ρ||σ) = Tr[ρlog(ρ)] − Tr[ρlog(σ)], the measure of coherence is given as [13] C ent = min σ∈I S(ρ||σ) = S(ρ diag ) − S(ρ), where S(ρ) = −Tr(ρlogρ) is von-Neumman entropy, ρ diag = i ρ ii |i i| as the corresponding diagonal density matrix. It has been proved that this coherence quantifiers fulfill the above mentioned conditions (a), (b1), (b2) and (c).
Some relevant physical situations, such as quantum state of light, need the coherence theory of infinitedimensional system. Up to now, this tricky question at least has been investigated by two groups in Refs. [59, 60] . In this paper, we will follow the framework of Ref. [60] to study the coherence of the cavity optomechanical system. The benefit of Ref. [60] is that the coherence for Gaussian state is expressed in the closed-form in terms of the covariance matrices and displacement vectors. This makes the related calculation relatively easy in practice as there is no need to cut off the Hilbert space to the finite dimension. And more importantly, it can be detected experimentally with the state of art set-up (more details are given in Sec. III D). 2 ). Note that this measure is only valid for Gaussian state under the operation of the (incoherent) Gaussian channel. And the conditions of coherence (b1) and (b2) for finite-dimensional case are replaced by the following one [60] : C(ρ) ≥ C(Φ IGC (ρ)) for any Gaussian state and incoherent Gaussian channel (IGC).
It is straightforward to generalize the above result to multi-mode Gaussian state. Here we are only interested in the two-mode Gaussian state, which is most relevant to the cavity optomechanical system to be discussed in Sec. III. The coherence of an arbitrary two-mode Gaussian state is given as [60] C[ρ(V, d)] = 
2 ) 2 − 2)/4 is determined by the ith-mode covariance matrix V (i) and displacement vector d (i) .
